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INEQUALITIES AND ASYMPTOTICS FOR A
TERMINATING ,F3; SERIES

MOURAD E. H. ISMAIL AND PLAMEN SIMEONOV

ABSTRACT. In this paper we give upper bounds for a certain terminating
4 F3 series. Our estimates confirm special cases of a conjecture of Kresch
and Tamvakis. We also give asymptotic estimates when the parameters
in the 4 F3 series are large, and they confirm the same conjecture.

1. Introduction

We first introduce the needed terminology. For a complex number a and
an integer n, the shifted factorial (a), is defined by
(@)n = [Ja+j —1) = T(a+n)/T(a).
j=1
We set (a)o :=1if @ # 0. Next, for an integer n and complex numbers a, b,
¢, d, e, f,and z, such that {d, e, f} N{-n+1,-n+2,...,—1,0} = 0, the
terminating 4 F3 hypergeometric series is defined by

-n, a, b, c - (—n)k(@)k(O)k()k i
1.1 F: o z | = z".
G A A D R W oo
Let @ > s,n > 1 be integers. We define
L —-n, n+1, —s, s+1
The series defining R has at most n + 1 terms. In this paper we study the
following conjecture:

CONJECTURE 1.1.  The terminating 4 F3 series R(n, s, Q) defined with (1.2)
satisfies

(1.3) |R(n,s,Q)| <1
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for all integer numbers @Q > s >mn > 1.

This inequality was conjectured by A. Kresch and H. Tamvakis in [7]. Ex-
tensive numerical evaluations provided overwhelming evidence supporting this
conjecture. The expression R(n, s, Q) is the special case « = 8 = v = 0 of
the Racah polynomials considered by Dunkl in [4].

The Racah polynomials [1], [2], [6], are defined by

(1.4) R.(A\(x); e, 3,7,9)

_ -n,n+a+0+1, -z, z+v+5+1 1
T a+1, f+6+1, v+1 '
for n = 0,1,...,N, where A\(z) = z(z+~v+d+1) and a+1 = —N or
B+6+1=—-Norvy+1=—N. Selectinga =3 =0,7y=—-N—1, and
6 = N + 1 we obtain
(1.5) Rp(2(z +1);0,0,—~N —1,N +1) = R(n,z, N + 1).

The conjecture of Kresch and Tamvakis states that the absolute value of a
Racah polynomial is bounded by its value at x = 0.
Following the ideas of [5] one can establish the generating function (see [6])

N
(1.6) > WR(H,@N + 1)t
n=0 :

:2F1( —x,l—x t>2F1< z =N, x1+N+2 ‘t)

We will use the Whipple transform [6]: If n € N and a+b+c+1 =
d+ e+ f+n, then

n, a, b, c
e

(1.7) 4F3< 7d f

_ (6 - a)n(f - a)n
1)‘ GRGE

« \F -n, a, d—b, d—c 1
B\ d,a—e—n+1,a—f—-n+1 ’

the Pfaff-Saalschutz formula [6]:

-n, a, b
(1.8) 3F2<c71—|—a+b—c—n

and the Pfaff-Kummer transform [6]:

(1.9) 2 F1 < @ b ‘ z> =(1-2)""%F ( a, c—b

_ (c—a)n(c—b),
Q (©Onlc—a—b),

z
z—1/)"

In Section 2 we verify the conjecture in several special cases. In Section
3 we use an integral representation based on the generating function (1.6),
and the methods of Darboux and Laplace to obtain asymptotic estimates of

C C
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R(n,z, N + 1) when x is fixed, and R(n, An,yn + 1) with fixed A > 0 and
v > 1. These asymptotic estimates also confirm the conjecture.

2. Some special cases

We set

(21)  Ron(z):= R(n,x,N+1):4F3< —n, n+1, —z, x+1 ’1>

1, N+2, —N

n,z=0,1,..., N. Note that Ry, (z) is the Racah polynomial in (1.5). These
Racah polynomials are discrete orthogonal polynomials and their orthogonal-
ity relation is

N

(2.2 Do+ D) = Sl
(see [1], [6]). From (2.2) it follows that
N +1

(2:3) [z (@)] < Cnt e+ 1)

Hence, |Ra,(7)] <1 when 2N +1 > 22 +1 > (N +1)2/(2n + 1). This leads
to the following lemma.

LEMMA 2.1. The inequality |R2n( )| < 1 holds for every n and x such
that n > N2/(4N +2) and x > (N + 1)2/(2n + 1) — 1)/2. Furthermore, if
N/n—~y>1andz/n— X >0, then

. g
2.4 limsup |Ro, (z)| < ——=.
Next, we consider the special cases x = 0,1,2, and x = N.

LEMMA 2.2.  The inequality |Ra,(x)| < 1 holds for x =0,1,2, and x = N

Proof. The cases © = 0 and x = 1 are trivial since Ry, (0) =1 and

2n(n+1)

Ron(1) =1— NV 1)

Now let = 2. From (2.1) we have

Ron(2) =

6n(n+ 1) (n—l) (n+1)(n+2)
N(N+2) (N—-1)N(N+2)(N+3)
6n(n+1)(N(N+2)—1—-n(n+1))

=1- N(N +2)(N(N +2) —3)
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It is clear that Ra,(2) < 1. Furthermore, since t(N(N+2)—-1—t) < (N(N +
2) — 1)?/4 when t is between 0 and N(N + 1), we get

3(N(N +2) — 1)
Ron(2) 21— 2N(N +2)(N(N +2)-3)

To verify the last inequality we set A = N(N 4 2) — 1. We have to show that
3A? < 4(A+1)(A —2), which is equivalent to (A —2)* — 12 > 0. This is true
since A > 7 when N > 2.

At z = N, from (2.1) and (1.8) we obtain

> —1.

B -n, n+1, N+1 . (=1)n(=N)n
RZ"(N)3F2< 1, N+2 ‘1>(1)n(—n—N—1)n
NI(N +1)! ST N-n+j
= —1 n = (— n —_—
(=1) (N —n)!|(N +n+1)! ( )jE[lNJrlJrj’
where we applied (1.8). Thus, |Ra,(N)| < 1. O

LEMMA 2.3.  The inequality |Ron(N — 1)| < 1 holds for every N > 6.

Proof. Applying (1.7) to Ra,(z) with a =n+ 1 and d = —N we obtain

B W(N—=n+1), —n,n+1, —-N+z, —N—z—1
Bon (@) = (S0 gy, b N1, N b

In particular,
(N—n+1),2n(n+1) — N|
(N +2), N :

Clearly, |Ro, (N —1)| <1 when n(n+1) < N. So assume that n(n+1) > N.
We have

[Ron(N — 1) =

n—1 . n—1
(N—n+1), N-n+1+j n+1
- n -~ J _—¢ log|{1l— ——+—
(N +2), JI:[O N+2+; P ; S\ T N 245
n—1 N+n+2
n+1 1
<exp | — — | <exp —(n+1)/ —du

N4n+t?2 n et
= exp (—<”+ 1)log N+2) = (1 - mm)

< e—n(n+1)/(N+n+2),

where we used the inequalities log(1 —¢) < —t and 1 —¢ < e " for t € [0,1).
Thus, it is enough to show that

67n(n+1)/(N+n+2) (2n(n 4 1) _ N)/N < 17
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or equivalently,

n(n+1) 2n(n+1)
2. —— 41 ———=—1] <0.
(25) N+n+2+0g< N =0

In view of Lemma 2.1 we may assume that n < N/3— 1. Then, N+ n+2 <
3N/2 and it is sufficient to verify the inequality

2n(n+1) 2n(n+1
2. ——— 41 <0
(2.6) v+ og( ) <

Set h(t) = —t/3 + log(t — 1) with ¢t = 2n(n + 1)/N > 2. We have h'(t)
(4 —1)/(3(t — 1)), hence h(t) < h(4) = log3 —4/3 < 0 for ¢ > 2, and (2.
follows from here.

O2 1

3. Asymptotic estimates

Since R(n,z, N + 1) = R(x,n, N + 1) we may assume that x < n. Inte-
grating the generating function (1.6) we obtain
)

n!? 1 —z, —x
3.1) R N+1l)=———"—— —— F; ’
(3.1) (n,z, N +1) (N+2)7L(*N)n2m'/p2 1( 1
N+z+2 ’t) =1t

car (V=)

where I' is a simple closed contour containing 0 in its interior. The oF}
functions can be expressed in terms of the Jacobi polynomials

(3.2) p%a’ﬂ)(t) _ (a+1) o F) ( -n, n+a++1 l_t)

1

n! a+1 2

From (1.9) we have

3.3) LR ( _x’l -

—x, x+1 t
t)=(1-t)"F ’ L
) ( >21< : t_l)
14+t
—1-t)7P (),
11 <l—t>

where P, = p( 0 denotes the Legendre polynomial of degree x. The second
o F7 becomes

CRT Y ‘ ) =2 - )



866 MOURAD E. H. ISMAIL AND PLAMEN SIMEONOV
1. Asymptotic estimate for fixed x. Let z be fixed and N/n = ~,, —
v > 1, as n — oo. Taking a limit in (2.1) as n — oo we obtain
xr

lim R(n,z, N +1) = lim Z (=2)
n—0o0

n— 00
k=0

g+ 1)k _ —x, T+ 1 _ _
_Z k'2 = = 2F1< 1 ‘72>=Px(1_27 ?).

The above limit belongs to the interval [—1, 1] since the Legendre polynomials
P, satisfy |P,(t)] <1 for —1 <t <1, (see [12, Section 7.21]).

@+ 1D (—n)r(n+ 1)k
k12 (=N)k(N +2)

2. Asymptotic estimate for large z. Let z/n = X € (0,1] and N/n =
v > 1 be fixed rational numbers. From [12, Theorem 8.21.7] and [12, Theorem
8.21.9], we have the asymptotic formula

(3.5)
w+ (w2 — 1)1/2)1/2
Patw) = ma) 2 { T Z I 06} o (u? - 112,

uniformly on compact subsets of C \ [—1,1]. Furthermore, by the Bernstein-
Walsh lemma [13], |P.(w)| < (w + (w? — 1)}/2)® for every w € C. Here we
use the branch of the logarithmic function defined by log z = log |z| + i arg(z)
with arg(z) € (—m,7), z € C\ (—00,0].

An asymptotic formula for the polynomlals p(0 2o+1) (1—2t) can be derived
using the method of Darboux. We will use the generatmg function [10]
BRI G

1—af—pBn—(1+a+3)En

(3.6) g Zp(ao+an,ﬁo+ﬁ7z)( )w

where
(3.7) 26 = (z+D)w(1+E)"T*(1+n)'F, 2n = (z—Dw(+&) T (1+n)'7,

and o > —1, 8 > —1, ag, and [y are real constants. This generating func-
tion was used in [3] to determine the strong asymptotics of the above Jacobi
polynomials on the interval [—1, 1].

The generating function in (3.6) has a singularity when

(3.8) D(§) :=1—-af—pn—(1+a+p)sn=0.
From (3.7) we get n = (z — 1)§/(z + 1) and (3.8) takes the form
(3.9) (1+a+p)(1-2)8 - (alz+1)+B(z— 1)+ (2 +1) =0.

If (1+a+8)(1—2)#0, the roots of (3.9) are

_(@+pB)z+(a—p)£VA
(3.10) b = 20+a+3)(1—z)
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where

(3.11) A=((a+B)z+(a=B)" —4(a+B+1)(1-2%).

The corresponding w-values are obtained from (3.7):

(3.12) we =260 (14 &) (L +02) 77 /(2 +1).

Now we study the behavior of g(w) near its singularities. From (3.7) we obtain
(313) E1+€)(1+ )¢ = wD(©),

hence dw/d¢ = 0 at £ = €. Differentiating (3.13) with respect to & at £ = {4
we obtain

Pw| weD'(8x) _ Fwie/A/(2+1)

de? [,  &(1+&)Q+ne) (@ +&)(L+ns)
Thus, w — wy = (Ap + O(€ — €1))(€ — €4)? as € — &4, and therefore,

(3.15)  €—&x=(w—ws)P(Ar + O((w—ws)?) 2 w— we.
From (3.15) it follows that wy = w_ if and only if & = £_. Indeed, if
wy = w—, (3.15) implies £ — &4 as w — wq, and £ — {_ as w — w_ = wy,
hence £, = £_, which is equivalent to A = 0.

Assume first that A # 0 and set By := limy, ., (w — ws)/2g(w). From
(3.6) and (3.7) it follows that B+ # 0. Then, we define wg = wy and By = By
if jwy| < |w_|, and wy = w_ and By = B_ if |wy| > |w_|. The function g(w)
is analytic in |w| < |wo|, and in a neighborhood of w,

g(w) =Y gnx(w —we)" 2,

n=0

(3.14) 244 :=

where g, + = ((w — w+)"2g(w))™|,, /n!. Consider the function H defined
by

(3.16) H(w) := g(w) — go4 (w —wy) " = g1 4 (w — wy)'/?

o (w—w )V gy (w—w )2,
It has a continuous first derivative h(w) = H'(w) in |w| < |wg|. Let H(w) =
>0 o hnw™ be the power series expansion of H around w = 0. Using that
h(w) is continuous in |w| < |wp| we obtain
1 h

lim —_— (w)
p—lwol,p<|wo| 271 J,
- 1
©27|wo|™

(n—|— 1)hn+1 = dw

n+1
w|=p W

2m
/ h(|wo|e®®)e= df.
0

For a fixed z, nh,|wo|™ — 0 as n — oo by the Riemann-Lebesgue lemma.
This convergence is uniform with respect to z. Indeed, let E be a compact
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set. Note that h(z,6) := h(|wole) is continuous and therefore uniformly
continuous on the compact set E x [0,27]. Let € > 0 and choose § > 0 so
that |2(z1,01) — h(22,02)| < €/2m whenever |z; — zo| + |01 — 05| < §, 212 € E,
012 € [0,27]. Let {z,}F_, C E be such that for every 2 € E there exists z;
such that |z—z;| < 6. Finally, for each i =1, ..., k, let s;(0) be a step-function
with p; steps, such that ||h(z;,6) — 5i(0)|lj0,2x] < €/27. Then,

2
/ sj(0)e~"0 dp
0

/0 71'(’iL<2:j, 9) - Sj(@))e—ine dé /0 w(ﬁ(z79) _ B(zj,0>)e—in9 do

- 2 max{p; le max{||s;]

27
/ ﬁ(z,H)e_i”‘g dH‘ <
0

+ +

[0,27] }i‘g:l

+ 2e < 3,
n

if n is large enough. We have shown that h,, = o(n=*|w|™") uniformly on
compact sets of the variable 2. Since (*7!/%) = O(n="~/2) and g1 1(z) are
bounded on compact sets we obtain

(3.17) pglaoﬂ-cmﬁo-‘rﬁn) (Z)

_1/9 o n+1/2
(Y )‘w v (Bo+Bl (22) )+ ot ),
1

where By = (B4 + B_) — By and wy = (w4 +w_) —wg. Formula (3.17) holds
uniformly on compact sets of the variable z.

Similarly, if A =0, then £, = ¢_. At & = ¢, d?w/d¢? = 0 and from (3.13)
we get

=—i

P
dgs

20 +atB)1- 2w,
e, (FHDEA+E)A+n4)
Hence, w —wy = O((€ — &)%) and &€ — &4 = O((w — wy)Y/3), w — wy. We
set wg = wy = w—. Then, g(w) = ZZOZO gn,o(w — wo)”’2/?’, w — wp, where
Gn.o = ((w —w)?3g(w)) ™|, /n!. Using the function

(3.18)

—2/3 1/3

H(w) := g(w) — go,o(w — wo) - 91,o(w — wo)

and the above argument we can show that in the case A =0,

(3.19) p%"‘“*“”"’“*"”)(z)ez“i/?’gooK?/g) ;T
’ n

Wo +o(n wo| ™).

The factor wg in (3.17) or in (3.19) (the n-th root asymptotics) can be found

using the asymptotic zero distribution of the polynomials pﬁ{*‘)*“”’ﬂ o+thn),

For o > 0 and 3 > 0 the Jacobi weight w, g is defined by
Wap(@) = (1-2)°(1+2)°, we[-1,1]
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The corresponding extremal measure (i, g has probability density ([11, Section
IV.5])

(I+a+p8)/(t—a)b—1)

2 o t) = ) t o,
(320)  va)= TS i € Sup
where ([11, Section IV.1]) S, g denotes the interval

(3.21) [a,b] = [A3 — A} — D'/2, A3 — A} + D'/?,

with A\ =a/(1+a+8), o =8/(1+a+3),and D = (1 — (A1 + X2)?)(1 —
(A1 — A2)?). In particular, ab = 2(A\? + A\2) — 1 and a + b = 2(A\3 — A\?), which
yield the identities

2 203

32) Vi-a(-b=17 g VI+al+h =17 s

The Jacobi polynomials {psla b )} are orthogonal with respect to w,g on

[—1,1]. The normalized zero-counting measure v, o g associated with p&""ﬂ ) is

the discrete probability measure having mass 1/n at each zero of p,({l’ﬁ ). Let

7% denote the leading coefficient of p{™.

THEOREM 3.1. Let {a,} and {B,} be sequences of nonnegative numbers
satisfying oy /n — 20 > 0 and By /n — 26 >0 as n — oo. Then,

(3.23) Vn,an,Bn — Ha,8, T — 00
in the weak-star topology of measures, and

(3.24) lim p%anﬂn)(z)l/n — caﬁe—ua,g(z)7

uniformly on compact subsets of C\ Sqa 5, where

(20 4 23 + 2)2+20+2
2(2a + 26 + 1)20+26+1

and uq g(z) is the complex logarithmic potential defined by

(3.26) Ua,p(2) == / log
Sa,6

1/n
(3.25) Ca,p = lim ('y,(f‘"’ﬁ")) =

n—oo

! tva’ﬂ(t) dt, ze€C\ (—o0,b.

A proof of Theorem 3.1 can be found in [9]. Let U*(z) := [logl/|z —
t| du(t) denote the logarithmic potential of a measure p. We define

(3.27) Ua,5(2) = { u[()},ﬁfi)(z),z Ezg }E;OO’OC;)bL

LEMMA 3.2. Let z € C\ Syy2,3/2. Then, |wo| = eUMa/Z”B/Z(Z)/ca/Qﬁ/Q.

Furthermore, if |wo| < |w1| or wg = w1, then wy = e“a/Qvﬁ/"‘(Z)/ca/z’ﬂ/g.
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Proof. If wy = wy, the statement follows from (3.19) and (3.24). If wy #
wy, from (3.17) and (3.24) it follows that the limit

1/n
B n+1/2
(3.28) L:= lim <1 + -1 <w0> = woca/Q,g/ze_““/m/z(z)

n—o0 0 \w1

exists for every z € C\ Sy/2,3/2. In particular, (3.24) shows that wy # 0,
z € C\ Sy/2,3/2- Note that L = L(z). We will show that |L| = 1.

From (3.28) and |wg| < |wy]| it follows that 0 < |L| < 1 and since wy # 0,
|L| > 0. Assuming that |L| < 1 for some z € C\ S,/2 3/2, from (3.28) we get

lim (wo/w,)" /2 = lim By/Bi(—1+ (L + o(1))") = —By/By # 0,

and therefore, |wo| = |w;| and |By| = |By|. Setting wo/w; = € with § €
[0,27) we obtain

lim ¢ = —e~"/2B, /B,

n—oo

which is possible if and only if 8 = 0. Then, wg = wy, which is a contradiction.
Thus, |L| = 1, that is,

Cay2,8/2|Wo0| = | exp(ua 2,8/2(2))| = exp(UHe/25/2(z)).

If Jwo| < |wal, (3.28) yields

n—oo

1 B
L = lim exp ( log (1 + O(wo/wl)”+1/2>) =1.
n Bl

The lemma is proved. O

We recall that x = An and N = yn with A € (0,1] and v > 1. Without
loss of generality we may assume that A # 0. Indeed, in what follows o = 0
and z = 1 — 2¢. In view of (3.11) the solutions of A = 0 are t = 0 and
t=1-3%2/(8+2)?. The contours I in (3.1) will be selected so that the size
of |[R(n, An,yn+1)| will be determined at a value t; defined by (3.40) that is
either a complex number, or a real number larger than 1/A\2? > 1.

From (3.1), (3.3), (3.4), (3.5), (3.17), and Lemma 3.2 we obtain:

LEMMA 3.3. The 4F5 expression R(n,An,yn + 1) has the representation

n!? 1

/F A, (t) exp(nf(t))dt,
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where
1 1+t _
)= g (o4 0l)
_ - N—z+1/2
x <—z’ (Nl/i)‘ (Bo+Bl( 8;2) >+o((N—x)‘1)>
N-—zx
x ( xp (i “/(” ”(tl) ))) wo(1 — 26)71/2,
(3.30) f(t) = —logt + 2\ log(1 + Vt) — (v — N)ig /() (1 — 2t),

and I' is a simple closed contour containing 0 in its interior.

We shall write A(x) ~ B(zx) if A(z)/B(x) — 1 as x — oo. Using the
asymptotic formula I'(xz + 1) ~ (z/e)"v/2mx we derive
!2 ) 1 1/2 _ 1) 1
b9 et e (121 (i,
(N + 2)n(=N)n T+1I\v+1 (y+1)+

From (3.31) and Lemma 3.3 we obtain

’Y_]- I\ n Re
(3.32) |R(n, A\n,yn +1)| <c<00 N A)H> /F|A(t)\e Re f(t) | dy|,

(y+ 1)+t
where
_ 1 (1+ V1))
B33y A0 =g |wo(1—2t)|< RE ('B"(”'*'Bl(“')“)
and

/
1 -1
c=c(\,v) = i (W ) .
Ay—=A)7r+1\y+1
In (3.32) we used that ‘(_;/2)‘ ~ 1//mz for large x.
From [11, Section IV.5] we have the formula

d — —b
(3.34) %aaﬁ(z) = (1+Oz+ﬁ) (Z - 11)522 ) _ 1gz + 1fzv

for z € C\Ja,b], z # £1, where on (—o00, a) this is the real derivative of UHe.
restricted on (—oo, a).

When o« = 0 and § = A/(y — A), from (3.22) we get (1 —a)(1—0) =0
and (1 +a)(1 +b) = 4X2/4%. Since a < b < 1, it follows that b = 1 and
a=2)?/y? — 1. Formula (3.34) implies

d — b* A - A
(3.35) %ﬁo,k/(v—)\)('z)|221*2t = Ty j ) Qz((i _ t)) 2/((17— 1&))7
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where b* := 1 — \2/4%. We compute f'(t) using (3.30) and (3.35):
(3:30) ') = —1 + e+ 20~ ) ()
' I I WA P PR A

1MWt -b) <_1+(>\—7\/t—b*)\/¥>

- 1—¢

t(1—t) ot

)
ot A+ Wt—b") "
The solutions of the equation f/(¢t) = 0 will be used to determine the

asymptotics of the integral in (3.32). From (3.36) it follows that f/(¢) = 0 is
equivalent to

(3.37) A Wt — b =2V,
which implies
(3.38) Pt =0") = (PVE= N2,
and then,
(3.39) (Y =1t —22t+1=0.
The solutions of (3.39) are
2

N2 — ~2

(3.40) b= <Ai ; —— 1) .

If ¢; and ty are complex numbers, at ¢t = t1 2, Re v/t — b* > 0 by the choice of
the square root branch, and Re(y?vt—\) = A/(y2—1) > 0. Thus, ¢; 5 are the
solutions of (3.37) and the equation f’(¢) = 0 in this case. If ¢; and ¢y are real,
(3.38) implies t1 5 > b*. Since (V2vE1 — A) + (V2 — A) =20/(v* — 1) > 0,
we get v2y/f1 — A > 0, and by (3.37) and (3.36), f'(t;) = 0. Next,

(fﬁr*MA@—M=¢ﬁﬁ—fMﬂﬁv@+V=¢_gLTMa

which shows that in this case f/(t2) = 0 if and only if A < ~2/+/92 + 1.
We will use the following formula for uq g from [11, Section IV.5]:

- (¢ ¢ ¢
(00 ) = oo (257 v ({25

—(a+B+1)log¢+ alog(l — z) + Blog(l + z) + Fy 8,

where

z—a— zZ—a)\z — zZ—a z — 2
(42) C=g(x)= 20 EZOED _ VEm ot VEDIT
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(+ = ¢(1), ( = ¢(—1), a and b are defined with (3.21), and F, g is a real
constant. Note that u, g(z) ~ —logz and ¢ ~ 4z/(b — a) as z — co. Thus,
taking real parts in (3.41) and then letting z — oo we get

(343)  Fap=—olog|Cs| — Bloglc_| + (@ + B+ 1) log(4/(b — a)).
From (3.42) and (3.43) we obtain
(3.44) Fop=(a+pF+1)logd —log(b—a)

—2alog |[V1—a+ \/17—17’ —2610g‘\/m+ V1+b|.
When o = 0 and 3= A\/(y — A), we have a = 2A? /42 — 1, b =1, and then,
(845)  Fy o= e O7VIAM0m0 = 477(2(1 = A/?)) (V201 4+ A7)

= 2771 = A/7) AL+ AT

From (3.42) we get

(1+A/)?

(1=A2/4%)

Furthermore, (3.41) and the identity ([11, Section IV.5])
(€= C)(C¢—1) =4(z F1)¢£¢/(b —a)

(3.46) (_=-—

yield
A
(347) e (N0 (1 4 ) (fgfl) ¢
2\
= Fy((b— a)/4)° ¢ (Cl‘f) o,

Hence, from (3.30), (3.47), and (3.46) with z = 1 — 2t it follows that
(3.48) e = Py (=2)721 - A/V)QAl (C_C)QA O,
t\2(1—-V71)
Note that by (3.25),
07_)‘ _ 2w+>\727
0M/G=2) T (y = A=A (y + A

(3.49)

The product of the constant factors that are raised to power n in (3.32) can
be computed using (3.45), (3.48), and (3.49):

Ba0) Fimq), Q=D

.Y o (-1t
O,A/(-yfA)WFEQ (I=A/7)" =

W(lﬂ/v)”-

LEMMA 3.4. The function F(t) := cg;\;‘wf}\)%eﬂ” satisfies

(3.51) [F(t1) F(t2)] = 1.
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Proof. From (3.39) we obtain the identities

(3.52) Vi +VE =20 = 1), Vit =1/ -1),
t+1 =220 —* +1)/(7* —1)%

From (3.42) with 2 =1—2t, a = 2)A?/9? — 1, and b =1 we get

L1 =2t = N2/ = 2/t(t — 1+ A2 /A2)

(3.53) ¢ vy .

In particular, at t = t; 5, equations (3.53), (3.36), and (3.39) yield

L 1=2t— A2/ =20t — 1+ A1) )y
- 1—A2/y2

_ PN (1))
- '72_)‘2

(3.54) ¢(t)

Furthermore, using (3.54) and (3.46), at t = t1 2 we obtain

¢—¢
2(1-7)
1= 20— A2/ =20t — 14+ A [y + (1 + A/7)?
- 2(1=A2/7?)(1 - V)
1+1/9A - +AA=V)/y _ (+ DA+ V) + A
(1=22/4)(1 - V1) YA =X2/y%)

(3.55) r(t) :=

We evaluate the product ((¢1)((t2) using (3.54) and (3.52):

(7 = A1) () = (0P = N2 =9 (v* = M) [(v + D)*(t1 + t2) — 2]
+ 2y + D*ata — (v + 1)%(t1 + t2) + 1]
= (V¥ =N —4y(* = M)V =1+ )/ (v - 1)?
+42( =N /(v - 1)
= (¥ = A1+ 4v/(y - 1)?).

Thus

)

(3.56) Ct1)¢(t2) =
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Next, we evaluate the product r(t;)r(t2) using (3.55) and (3.52):
(v = A2)2r(t1)r(t2) /7
= (VAL + (v A+ Dy + DV V) + (v + 1) VhE
(V=D +A+ D220+ A+ D) +y+1)/(y - 1)
= [ =D+ 1?2+ D+ A1)+ A+ D(r + 1) + 287/ (y — 1)
=+ D7 =D+ =D+ N+ 2+ 1/ (v - 1)
= (v+ A (v + 1D/ (v ).

Therefore,

V(v +1)
(=N (y-1)
Finally, (3.48), (3.50), (3.52), (3.56), and (3.57) yield
F(t1)F(t2) = (=1)" 2 F?(tta) "' (r(t)r(t2))** (C(t1)¢ (t2))
B -1 2(y—1) — )4
= (1) ? 8 + 1;2(%1) 0 74,\) (72 o 1)2
YA+ D (y 4120
(v = )y = 1) (y = 1)20-
= (07,
and (3.51) follows. O

(3.57) r(t1)r(t) =

In the proof of our main result below we will use the following lemma.

LEMMA 3.5. Let f be analytic function in a domain D, u = Re(f), and
z=re. Then,

(3.58) % = Re(zf'(2))/r, % = —Im(zf'(2)).

Proof. Let f = u+iv and z = € = 2 +iy. Then, with u, = u/dx and
u,y = Ou/dy we have

% = Uy cos O + uy sin @ = (zuy + yuy)/r = Re((x + iy) (uy — iuy))/r,
and
% = —uy(rsinf) + uy(rcosd) = —yu, + zuy, = —Im((x + iy) (g — iuy)).
Then (3.58) follows since u, —iuy, = uy +ivy = f'(2) by the Cauchy-Riemann
equations. O

We will also use a theorem based on the Laplace method from [8, Theorem
3.7.1].
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THEOREM 3.6. Let p(7) and q(T) be functions defined on an interval (a,b)
that satisfy the following conditions:
(a) p(r) < p(a) when T € (a,b), and for every c € (a,b) the infimum of
p(a) —p(7) in [c,b) is positive.
(b) p'(7) and q(7) are continuous in a neighborhood of a, except possibly
at a.
(c) As T — a from the right,

p(1) = pla) ~ P(r —a)", ¢(1) ~Q,

and the first of these relations is differentiable. Here P < 0 andv > 0
are constants.
(d) The integral

b
I(n) = / q(r)e™ ) dr

converges absolutely throughout its range for all sufficiently large n.

np(a)
I(n)NQF(1>(eP n — oo.

v \v) (=Pn)/v’

Then,

Next, we determine the set {¢ : Im(¢f’(t)) = 0} for the function f(t)
defined with (3.30). For t € C\ (—o0, b*] we set

b* 17 .
<aw>t:J@o::4(w+u) L w=R, R>1. 0c(-n/2.7/2).
Then, t — b* = (b*/4)(w — 1/w)?. Substituting in (3.36) we obtain

2 2 2
YAV (w* 4+ 1) y(w* 4+ 1)
3.60) tf'(t)=-1+ = 14
(3.60) /() 22w 4+ yVb*(w? — 1) w? + 6w —1
¥(2 — dw) w1 wa
=-1 —_—— =1 1
+Fy+u)2—&—(5w—1 T +w—w1+w—wg

wi (W —wy) | wa(w— w2))

= —1 1
+”(+ fw—wi? | Jw—wal?

where 0 := 2)\/(7Vb*) = 2X/1/72 — A2 and w? + 0w — 1 = (w — wy)(w — wo).
Note that the numbers wy 2 = (=X £ 7v)/4/7? — A2 are real. From (3.60) it
follows that

w1 w2

hﬂﬁﬁ»=—7<

Thus, Im(¢f’(t)) = 0 is equivalent to sin@ = 0, that is, t € (b*, 00), or

) Rsin6.

|w — wq|? + |w — wa|?

wi|w — wa|* + waw — wi [* = 0.
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Since wy + wy = —§ and wyws = —1, the last equation becomes
(3.61) wi (R? + w3 — 2Rws cos 0) + wa(R? + wi — 2Rw; cos 0)
= —0R?>+4Rcosf+ 6 =0,
which represents a cilicle C with center 2 /9 and radius 7 = \/m =/
Setting Cy := {w € C : Re(w) > 0} we obtain:
LEMMA 3.7.  The zero set of Im(tf’(t)) is the set (b*,00) U J(CY).

The set J(Cy) has an interesting property. If t = #(f) = J(w), where
w = Re' and R = R(f) > 1 is the solution of (3.61), then [¢(6)| decreases as

|6] € [0,7/2) increases. This can be seen as follows: For ¢t € J(C.)
t(0) = J (Re') = bz ((R+1/R)cosf + i(R—1/R)sin6)?,
and from (3.61) we have R —1/R = (R? — 1)/R = 4cos /5. Therefore,
(3.62)  (4/b")|t(0)| = (R+1/R)*cos’* 0 + (R — 1/R)*sin? 0
= R?+1/R? +2cos20 = (16/6?) cos® 0 + 2 + 2 cos 20
=4(4/6% + 1) cos? 0 = 4(7y*/\?) cos? 6,

which is a decreasing function of || € [0,7/2). In particular, since the set
J (C~’+) is symmetric about the real line, every circle C,. with center at the
origin and radius r > 0 intersects that set at most twice.

The main result of this paper is the following theorem:

THEOREM 3.8. Let A € (0,1] and v > 1 be fized rational numbers. Then,
R(n,An,yn+1) — 0 as n — co.

Proof. From (3.36) we obtain

2 (/\‘F’Ym _ 7\/5*)
(3.63)  (tf'(t)) = f'(t) +tf"(t) = O if\/#g;j ) ¢

At t =t1, f/(t) =0 and (3.63) and (3.37) yield

2 ¢l 1 \/E _(72_1)\/E_>‘ _
(3.64) 221" (t) = 1 ey Sy t =ty

We consider three cases separately.

¢ (—o0,b"].

Case 1. The numbers t1 2 in (3.40) are complex. In this case D := A2 +1—
72 <0 and \/f12 = (A +i\/|D])/(7* — 1). We set t = t1€'". Then, as 7 — 0,
t—t; =t1(it — 72/2+ O(73)) and

F@) = flt) + (= t)*f"(t1)/2+ O ((t 1))
= f(t) + (=% —ir° + O(T)Hf"(t1)/2+ O(7?).
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Therefore,
(3.65) Re(f(t) = f(t1)) = =7*Re(t1f"(t1))/2 + O(7%), 7 —0.
Now from (3.64) we get

202 ) iv/[D] _i(y? - 1)y/D]

VA+iVIDN/(2=1) =X A+iy?/[D]

and (3.65) becomes
(v = D¥ID| 3

3.66 R t)—f()) =——F——"""F~ @) 0.
( ) e(f() f( 1)) 4()\2+’Y4‘D|)T + (T )7 T
Hence, Re(f(t1)) is a local maximum of Re(f(t)) on the circle C;,|. Note that
in this case to = ¢; and by (3.64) the real parts of t2f"(t1) and t3f"(ty) are
the same. Since Cp,|NJ(Cy) = {t1,t2}, using Lemmas 3.5 and 3.7 we obtain
Re(f(t)) < Re(f(t1)) for every t € C}y,|, t # t1,2. We choose the contour of
integration in (3.32) to be I' = ()| in this case. To apply Theorem 3.6 we
set (for all cases)

p(1) :=1og [F (7)), q(7) := |A(t(7))],
where F(t) is the function defined in Lemma 3.4 and t = t(7) is a suitable
parametrization of the contour I' or part of I'. In this case it is enough to
consider (1) = t1e'” with 7 € [0, 7). Then, P = —Re(t2f"(t1))/2 < 0, v = 2,
and @ = |A(t1)|. It is clear that all conditions of Theorem 3.6 are satisfied,

including (d), which follows from Lemma 3.4 and the choice of the contour T.
From (3.32), Theorem 3.6, and Lemma 3.4 we get

(3.67) R(n, An,ym + 1) = O (W) —0 (%) .

Case 2. The numbers t1o are real and t1 # to. Now we have D > 0,

Viiz = AE£VD)/(7? — 1), and by (3.38), t; > to > b*. From (3.64), at
t =112 we get

+(y* - )VD

A+2VD
In particular, f”(t;) > 0. Furthermore, if f/(t3) = 0, then v* > (y2 + 1)\2,
which implies A\* > 4*D and by (3.68), f”(t2) < 0 or it is undefined. Then,
f(t1) < f(t2) and by Lemma 3.4, F(t;) < 1. We set t = t1¢'” and using that
fl(t)=({t—t)f"(t1)+O((t—t1)?) as 7 — 0, 7 > 0 and Lemma 3.5 we obtain

(3.69) L Re(f(t)) = —m(E2(e — &) (1)) + O(+?)
2

dr
(v -1vD 2
+ 0(717), — 0, > 0.
2()\—|—72\/D)T ) !

(3.68) 2% () =
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Thus, Re(f(t)) has a local maximum at ¢; on the circle Cj,,|. Furthermore,
by (3.62),

2 )2 1 1
i <—<772_1=\/@<t1

(3.70) t* :=max{|t| : t € J(C})} 2 2
in this case, and therefore, C}; | N J(Cy) = 0. From Lemmas 3.5 and 3.7 it
follows that Re(f(t)) < Re(f(t1)) for every t € C,|, t # t1, and we again
select the contour I' in (3.32) to be the circle C};,|. As in Case 1, we use the
parametrization t(7) = t1e'7, 7 € [0,7), and the same P, v, and Q. From
(3.32), Theorem 3.6, and Lemma 3.4 it follows that

(3.71) |R(n, An,yn+1)| = O (FE;%)”) :

Case 3. The numbers t; o are equal. In this case V=X +landt; =ty =
1/A2. From (3.36) we have f’(t) = N(t)/S(t) with

N(t) ==Vt =9Vt —b* — X\, S(t) :=t(A+ V't — b*).

Differentiating the equation Sf’ = N twice we get S” f'+25'f"+Sf" = N".
At t =t; we have f/(t) =0, f(t) = 0, vVt — b* = 1/(y)\), and S(t) = v2/\3.

Therefore, at ¢t = t; we obtain
N"(t) 7 ol 1
79 gy _(_
(372) 770 =55 ( w2 T I =52 ) S0
= —(7/4) (N = NN /y? = A /4.
By Taylor’s theorem,
(373) f(t) = f(t1) + (t—t)*f"(t1)/6+ O((t —t)*), t—t, tER,

and since f(¢1) > 0, it follows that on the interval (¢1,00), f(¢) is increasing.
Setting ¢t = t; 4 s¢™/3 with s > 0 in the Taylor series for f’ we obtain

P10 = (=t " (t)/2+ O((t = 11)*) = $?> PN 8 4 O(s%), s — 0,
and then,
% Re(f(t + se™3)) = Re(%f(tl + se'™/3)) = Re(f/(t)dt/ds)
= Re(s2e™\8/8 4+ 0(s%)) = —s?A\¥/8 4+ O(s%), s —0,

which shows that Re(f(t1 +se'™/?)) is decreasing on an interval (0, h) for some
h > 0. We set

T = ‘tl +h6”/3‘ =\t +h2+th >t =t
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where ¢* is the number defined with (3.70). By the definitions of 7 and ¢* it
follows that C. N J(CL) = 0, and therefore, Re(f(t)) is monotone on each of
the semicircles C:F = {re*? : 9 € (0,7)}. Since

Re(f(r)) > Re(f(t1)) > Re(f(t +he™?))

and Re(f(f)) = Re(f(t)), the functions Re(f(re*'?)) are decreasing on (0, 7).

In Case 3 we choose the contour I' in (3.32) to be the union of the arc
{t € C, : Re(t) < t; + h/2} and the line segments {t = t; + se™™/3 . s €
[0, h]}. Tt is sufficient to apply Theorem 3.6 only on one of the line segments:
t(r) = t1 + 7e™/3, 7 € [0,h]. In this case P = —f"(t1)/6 = —\¥/24 < 0,
v =3, and Q = |A(t1)|. From (3.32), Theorem 3.6, and Lemma 3.4 we get
F(t;) =1 and

(3.74) \R(n, An,yn +1)] = O (|A(t1)\ - F(tl)nnfw) - (n*1/3) .
This completes the proof of Theorem 3.8. O
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