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TWO-WEIGHT POINCARE INEQUALITIES FOR THE
PROJECTION OPERATOR AND A-HARMONIC TENSORS
ON RIEMANNIAN MANIFOLDS

GEJUN BAO, YUMING XING, AND CONGXIN WU

ABSTRACT. We prove both local and global two-weight Poincaré in-
equalities for A-harmonic tensors on Riemannian manifolds. We also
prove an analogue for the projection operator.

1. Introduction and notation

In recent years the classical Poincaré inequality has been generalized to
different versions in R™; see [1], [2], [5], [11]. In this paper, we shall prove two-
weight Poincaré inequalities for A-harmonic tensors on Riemannian manifolds
in R™, n > 2. Our results can be considered as generalizations of the classical
inequality and be used to study the integrability of A-harmonic tensors and
the properties of related operators.

In this paper we always assume that M is a Riemannian, compact, oriented
and C'*° smooth manifold without boundary on R™ and €2 is an open subset
of R™. Balls are denoted by B and ¢B is the ball with the same center as B
and with diam(cB) = o diam(B). For [ = 0,1,...,n, we use Al = Al(R") to
denote the linear space of I-vectors, generated by the exterior products e; =
ei, Neiy A+ - Aej,, corresponding to all ordered I-tuples I = (i1,42,...,4),1 <
11 <tg<--- <4 <n. Let 0<p<oo, 0<a< oo Wedenote the weighted
LP-norm of a measurable function f over E by

1/
e = ([ I0Puras) ’

if the integral exists. Let A'M be the [-th exterior power of the cotangent
bundle and C*°(M, A!) be the space of smooth I-forms on M. We also use
D'(M, A!) to denote the space of all differential I-forms and LP(A! M) to denote
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the [-forms

w(x) = ZCL)]dl'] = Zwiliz...iz (x)dxsy Ndxi, A+ Nday,
T

on M satisfying [}, |wi|P < oo for all ordered I-tuples. Thus, LP(A'M) is a
Banach space with norm

(12) ||w||p,M=(/M|w<m>|pdx)l/p= /| (Zw1<m>|2>p/2dx

I

1/p

The Hodge star operator = : A — A is defined by the rule x1 = e; Aea A
co-Aey and a Ax3 = fA*a = (a, B)(x1) for any «, 5 € A. The codifferential
operator d* : D'(M,\'"t') — D'(M,A!) is given by d* = (—1)"*! x dx on
D'(M,AN*1), 1=0,1,...,n, and the Laplace-Beltrami operator A is defined
by A = dd* + d*d.

During the last decade, many interesting results have been established in
the study of the A-harmonic equation

(1.3) d* Az, dw) = 0,
where A : M x AL(R™) — Al(R™) satisfies the conditions
(1.4) [ Az, €)] < algP~" and (A(z,€),€) > €]

for almost every z € M and all £ € AY(R™). Here a > 0 is a constant and
1 < p < oo is a fixed exponent associated with (1.3). We call u an A-harmonic
tensor on a manifold M if u satisfies the A-harmonic equation (1.3) on M.

The following result appears in [7]: Let D C R™ be a bounded, convex
domain. To each y € D there corresponds a linear operator K, : C°°(D,A!) —
C>(D, A1) defined by

1
(Kyw)(m;§17€2a e agl) = / tl_l("}(taj + Yy — ty,l‘ - yafla€27 o 7€l—1)dt
0

and the decomposition w = d(Kyw)+K,(dw) holds at any y € D. A homotopy
operator T : C*®(D, A') — C>(D,Al=1) is defined by averaging K, over all
points y in D,

(15) Tw = /D () K iy,

where ¢ € C§°(D) is normalized by [, ¢(y)dy = 1. Then we have the decom-
position

(1.6) w=d(Tw) + T (dw),

and the norm of the homotopy operator can be estimated by

(1.7) |ITwl|ls,p < Cdiam(D)|lwls,p-
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For all w € LP(D, A!), 1 < p < oo, we define the I-form wp € D'(D, Al) by

(18)  w, = |Drl/ w(y)dy, 1 =0, and w, = d(Tw), [=1,2,....n.
D

2. The local inequalities

In this section we prove local two-weighted Poincaré inequalities for A-
harmonic tensors on Riemannian manifolds. We need the following definition
and lemmas.

DEFINITION 2.1. We say a pair of weights (w(z),w2(x)) satisfies the
A, 2 (Q)-condition in a set 2 C R, and we write (wi(x), wa(z)) € A, A(2),
for some A >1and 1 <r < oo with 1/r+1/r =1, if

, . 1/’
o (g i) ([ (5) ) <
u —_ w i r—— —_— X .
peo \B] J5! B[ J5 \ws

The class of A, x(€)-weights (or the two-weights) appears in [8]. See [6]
for more applications of the two-weights. We need the following generalized
Holder inequality.

LEMMA 2.1. Let0<a<oo,0<f<o0andl/s=1/a+1/8. If f and
g are measurable functions in R", then ||f - glls.0 < || flla.a - ll9llg,a for any
QCR"™

The following weak reverse Holder inequality appears in [9].

LEMMA 2.2. Let u be an A-harmonic tensor on a manifold M, p > 1, and
0 < s,t < oo. Then there exists a constant C, independent of u, such that
lulls,5 < C|BI*=)/*|ully 5 for all balls or cubes B with pB C M.

We also need the following lemma from [6].

LEMMA 2.3. Let w € A,.. Then exist constants 3 > 1 and C independent
of w, such that ||wl||g g < C|B|Y=P)/B||w||y 5 for all balls B C R™.

The following lemma appears in [8].

LEMMA 2.4, (wy(z),ws(x)) € A.(Q) iff

(o o) (i () ") <

for any ball B C Q.
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LEMMA 2.5. Letu € D' (B,A) and du € LP (B,A""'). Then u — ugp is
in Wy (B,A') with 1 < p < oo and ||u —upl|p s < C (n,p) |BIY"||dul|, 5 for
B a ball or a cube in R™, 1 =0,1,2,...,n.

Now we prove a local two-weight Poincaré inequality for A-harmonic ten-
sors on Riemannian manifolds. This will be used to prove Theorem 3.2 in the
next section.

THEOREM 2.6. Letu € D’ (M, /\l) be an A-harmonic tensor on a manifold
M and du € L* (M,/\I‘H), 1=01,2,...,n, 14+ (a(r—1)/A < s < .
Assume that p > 1 and (w1 (z),ws (z)) € Arx () for some X > 1 and
1 <r < oo. Then there exists a constant C, independent of u, such that
(2.1) lu = uplls,Bws < CIBIY™|dulls,pp,w

for all balls B with pB C Q and any real number o with 0 < a < .

Proof. First, we prove that (2.1) is true for 0 < a < A. Choose t =
As/(A— ). Then 1 < s < t. Using Hélder’s inequality, we find that

1/t (t—s)/st
(22) ||’LL — uB”s,B,w? < (/ |'LL — uB|tdx) </ wi"/s'st/(t—s)dx>
B B
a/sA
= |lu—uglliB </ wf‘da:) .
B

Note that up is a closed form and u is a solution of (1.3). Therefore u — up
is still a solution of (1.3). Taking m = As/ (A + a(r — 1)) we have m < s < t.
Using Lemma 2.2 and Lemma 2.5, we obtain

(2.3) lu = uplle,n < Ci|BI" ™ Ju — upllm,pn

< Co| B/ B | dul |,

for all balls B with pB C Q. Since 1/m = 1/s + (s —m) /sm, by Holder’s
inequality again, we obtain

24)  ldullm 5 = ( / (|du|w2a/sw2—a/s)md$)
pB
1/s 1 A/(r=1) a(r—1)/s\
< (/ |du|w‘2"dx) / () dx
pB pB \ W2

1/m
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for all balls B with pB C §. From (2.2), (2.3), and (2.4) we get
(2.5)

a/sh
lu—uBlls,Buws < Cy|B|m—D/mi| g|1/n (/ wi\dx)
B

1/s 1 A (r—1) a(r—1)/s\
X (/ duw?du) / () dx .
pB pB w2

Since (wy(x),wa(z)) € ArA(2), we have

afsA 1\ M=) a(r—1)/sA
(2.6) (/ wfdx) / () da < Cs|BJoT/As,
B pB w2

Substituting (2.6) into (2.5) and using (m — t) /mt = —ar/As, we obtain

1/s
|u—wmm@s@3w”mmwMMwm(/hmwwﬁ
pB

1/s
§C4B|1/”</ du%?dw) |
pB

which is equivalent to (2.1).

By Lemma 2.4, we have (w} (z),w3 (z)) € A4,(Q).

We now consider the case A = «. By Lemma 2.3, there exist constants
8 > 1 and C5 > 0 such that

(2.7) lwtlls,5 < Cs| B2 w15

for any cube or any ball B C R"™. Choose t = s3/(6—1). Then 1 < s <t
and =1t/ (t—s). Since 1/s = 1/t + (t — s) /ts, by Lemma 2.1 and (2.7), we
have

1/s
(2.8) (/ lu — uB|5wi‘d:E)
B
l/t tS/(t*S) (t—s)/ts
< (/ |u — uBtdt) (/ (wi‘/s) dx)
B B

_ 1
< Csllu —uplles - BI85 w115

Now, choosing m = s/r, we have m < s. By Lemma 2.2 and Lemma 2.5, we

have
(2.9) lu—uplle,s < Co|B|™ /™ |u — up||m, o5

< O] |/ B | dul |-
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Applying Holder’s inequality again, we obtain

s 1/m
pB

1/s 1 A /7
< (/ |du|sw§‘d$> / () dx
pB pB \W2

Combining (2.9) and (2.10) yields

r/r's

B 1/s
(211) |lu—uslly,p < Cs|B|" |B["/" (/ du|8w%d””)
pB

(L)

r/r's

Substituting (2.11) into (2.8), we find that

1/s
(2.12) (/ u—uB|Sw{‘da:>
B

1/s
<l s ([ i)
B

1/s 1 Ar'/r r/r's
X </ |dusw§‘dx> / <> dx .
pB pB w2

Using the condition (w; (x),ws (z)) € Ay (), we obtain
r/r's

1/s 1 Ar'Jr '
(2.13) (/ w{‘da:) / () da < Cyo|BI"*.
B pB \ W2

Combining (2.12) and (2.13), we conclude that

1/s
</ |u _ uB|Swi\dz> < 011|B|(17ﬁ)/ﬁS‘B‘(m7t)/mt|B|1/n|B|T/S
B

1/s
X (/ |du|sw§dx>
pB
1/s
= Oy |BIY™ (/ |du|sw§dx> .
pB

This ends the proof of Theorem 2.6.

The following lemma appears in [4].
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LEMMA 2.7.  Assume that u is an A-harmonic tensor on a manifold M,
c>1and 0 < s,t <o0,l =1,2,...,n, 1 < s < oo. Then there exists a
constant C, independent of u, such that

(2.14) dulls,5 < C|BI=||dull;,pz
for all balls with pB C M.

Similar to the proof of Theorem 2.6, but using (1.7) and Lemma 2.7 instead
of Lemma 2.2, we obtain the following norm inequality for the homotopy
operator. We omit the dails.

THEOREM 2.8. Let u € D'(M,A") be an A-harmonic tensor on M, du €
Ly (M, A, 1=1,2,...,n, 1 < s < oo, and T be the homotopy operator
defined in (1.5). Assume that p > 1 and (w1 (), w2 (x)) € Apx (M) for some
A>1and 1 < r < oco. Then there exists a constant C, independent of u,
such that

(2.15) T (du) ||s,B,we < Cdiam (B) ||dulls pB,ws

for any real number o with 0 < av < A.

Note that Theorems 2.6 and 2.8 contain two weights, w; (z) and ws (z),
and two parameters, A and «. These features make the Poincaré inequalities
more flexible and more useful.

3. Inequalities for the projection operator

We say that u € Llloc(/\lM ) has a generalized gradient if, for each coordi-
nate system, the pullbacks of the coordinate function of u have a generalized

gradient in the familiar sense. We write

WA M) = {u € L}, . (N'M) : u has a generalized gradient}
and define the harmonic [-field by
H=HANM)={uecWAM):du=du=0uc LP for some 1 < p < cc}.

We always use G to denote Green’s operator and H to denote the har-
monic projection operator acting on differential forms on manifolds. From
[10, Chapter 6] we know that the projection operator, Green’s operator, and
the Laplace-Beltrami operator satisfy Poisson’s equation

(3.1) H(u) =u— AG(u).

THEOREM 3.1. Letu € D'(M,AY), 1 =1,2,...,n, be an A-harmonic ten-
sor on a manifold M. Assume that p > 1, 1 < s < 0o, and (w1 (z),wa(x)) €
A A (M) for some A > 1 and 1 < r < co. Then there exists a constant C,
independent of u, such that

(3-2) [A(G(du))|

s,Bwg < Clldulls,pB,wg



838 GEJUN BAO, YUMING XING, AND CONGXIN WU

for any ball B C M and any real number a with 0 < a < .

Proof. From [3], we know that for any smooth /-form w,
(3.3) IAG(du)l[s,5 < Cillduls,5.

We first show that (3.2) holds for 0 < oo < A. Let t = As/(A — ). Using
Lemma 2.1 and (3.3), we have

1/t (
(34)  AG(dW)]|spar < ( / |AG(du)|tdx) ( / w?/s.ts/us)dx)
B B

a/Xs
< Cy||dulls.s (/ wi\dx) .
B

Let m = As/(A+ a(r — 1)). Then m < s. Applying Lemma 2.6 yields
(3-5) ldulle,s < Cal BI™ 0™ ||dullmp-
Substituting (3.5) into (3.4), we have

t—s)/ts

a/Xs
(36) ||AG(d’U,)||S’B’w§x S Cngl(m_t)/mt (/ wi\das) .
B

Using Lemma 2.1 again with 1/m = 1/s + (s — m)/sm, we obtain

1/s 1\ e/ (s=m)
(3.7) Idullmpn < ( / |du|5w§“dx) / () .
pB pB \W2
1\ M=1 a(r—1)/sx
s wg - dx
|7PB,2</pB(w2> >

for all balls B with pB C M. Substituting (3.7) into (3.6) gives

(s—m)/sm

= ||du

a/Xs
(3.8) | AG(d)|a pus < Cs|B|m—0/mt ( / wfdz)
B

1\ M= a(r—1)/sA
y (/B (wz) dm) dalls p5 s
p

Since (w1 (x), wa(x)) € Ap (M),

o/As 1\ M1 a(r—1)/sA
(3.9) ( / wfdx> / () dx <y Bl
B pB \ W2

Combining (3.9) and (3.8), we conclude that
(3.10) IAG(du)|s,Bwp < Csl|dulls,pB.wg
for all balls B with pB C M. We have proved that (3.2) is true if 0 < a < A.
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Similar to the proof of Theorem 2.6, we can prove that (3.2) is also true
for « = A. That is, we have

HA(G(dU)) ”s,B,w{‘ S Cl3||du||s,pB,w§‘

for all balls B with pB C M. The proof of Theorem 3.1 is complete. O

From [3], we know that d commutes with G or A. Thus we have
(3.11) d(A(G(u)) = (Ad(G(u)) = A(G(dw)).
Then from (1.6), (1.7), (1.8), (3.11) and (3.3) we obtain

(3.12)  A(G(w) — (A(G(u)Blls,B = IA(G () — A(T(A(G(W))s,B
= |T(d(A(G(w)))ls,5
= | T(A(G(du)))lls,
< Cra diam(B)||A(G(dw))||s,B
< Cy5 diam(B)||dulls,B-

—~

1A
|
Using the same method as in the proof of Theorem 3.1, and Lemma 2.1 and
(3.12), we obtain the Poincaré inequality for the composition of A and G.

LEMMA 3.2. Letu € D'(M,A), 1 =1,2,...,n, be an A-harmonic tensor
on a manifold M. Assume that p > 1, 1 < s < o0, and (w1(x),ws(x)) €
Ar a(M) for some A > 1 and 1 < r < co. Then there exists C, independent
of u, such that

(3.13) [A(G(w)) = (A(G(W))Blls,Bws < Cdiam(B)||dulls,pB.ws
for all balls B C M with pB € M and any real number a with 0 < o < \.

Now we are ready to prove the following local Poincaré inequality for the
projection operator applied to A-harmonic tensors on manifolds.

THEOREM 3.3. Let u € D'(M,A') be an A-harmonic tensors on a man-
ifolds M, du € L*(M,A"*1), 1 = 0,1,...,n, and let H be the projection
operator. Assume that (w1 (z), wz(x)) € ApA(M) for some A > 1,1 <1 < o0,
and 1+ (a(r —1))/A < s < 0o. Then there exists C, independent of u, such
that

(3.14) 1 (1) — (H(u)5lls,5,wg < CIBIY"[ldulls o0

for all balls B C M with pB C M, 0 < a < \.
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Proof. Applying Theorem 2.6 and Lemma 3.2 and using (3.2), we have

[1H (w) = (H(w)Blls,Bws = [lu = AG(w)) = (u = MG (w)))Blls,Bwg
= |lu = A(G(w)) = (up = A(G(w))Blls,B,ws
< lu = uslls, Bwg + 1A(G(w) = (A(G(w)) 5

|s,B,w‘f
< C1|BIM™||dulls 5,5 -
The proof of Theorem 3.3 has been completed. O

4. The global inequalities

In this section, we extend our main local results to global ones. For this
purpose, we need the following covering lemma appearing in [9].

LEMMA 4.1. Each Q has a modified Whitney cover of cubes V.= {Q;}
such that |J; Qi = Q and Y 5cy XMQ(JZ) < NXgq(x) for all x € R™ and

some N > 1, where Xg is the characteristic function for a set E.

THEOREM 4.2. Letu € L*(A'M), 1 =1,2,...,n, 1 < s < oo, be an A-
harmonic tensors on a manifolds M and T be a homotopy operator defined by
(1.5). Assume that (wi(z), we(z)) € Apx (M) for somel < A andl <r < oo.
Then there exists a constants C, independent of u, such that

(4.1) |7 (du)

s, mwp < C diam(M)||du|s, vz
for any real number o with 0 < av < A.

Proof. Since M is compact, there exists a finite coordinate chart cover
{U1,Us,..., Uy} of M such that (J,-, Uy = M. We can equip M with a
topology in unique way such that each Uy is open, k = 1,...,m. Applying
Lemma 4.1 to Uy (note that (Jzoy, B = Uy now) and Theorem 2.8, we find
that

(4.2) |7 (dw)

|8,Uk,w‘1* < Z ||T(du>||s7B,w‘f‘
BeV
< Z (C1 diam(B)||du
BeV

< Codiam(Uy)|[dulls v Y X, /577,5()
BeVv

< Gy diam(M)||dulls, v1,wsg -

s.pB.wg) X /571p5(®)
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Now, from (4.2), we obtain

(4.3) IT(du) s, 0105 <D I T(du)]
k=1

8, Uk, ,w¢

< Cy diam(M) || dull s, r,wg
k=1
< Cdiam(M)||dul|s,n,wg -

This ends the proof of Theorem 4.2. O

Now we are ready to prove a global two-weight Poincaré inequality for
A-harmonic tensors on manifolds.

THEOREM 4.3. Let u € D'(M,A!) be an A-harmonic tensors on a man-
ifold M and du € L*(M,AN*1), 1 = 0,1,...,n. Assume that 0 < a < A,
1+alr—1)/A<s < oo and (wi(z), ws(z)) € ApA(M) for some XA > 1 and
1 <r <oo. Then

(4.4) lu — unr

|5,M,w1°‘ S Cdlam(M)Hdu||57Mw2a

Here C is a constant independent of u.

Proof. Using (1.6), (1.8) and Theorem 4.2, we have
flu — UM”S,M,w;’ = [lu— d(TU)HS,M,w;’
= 1T (dw)ls,ar,wg
< Cy diam (M) ||dul|s, ar,wg -
The proof of Theorem 4.3 has been completed. O

Finally, we prove the following global two-weight Poincaré inequality for
the projection operator applied to differential forms on manifolds.

THEOREM 4.4. Let u € D'(M,A') be an A-harmonic tensors on a mani-
fold M, du € L*(M,A*1), 1 =0,1,...,n, and let H be the projection opera-
tor. Assume that 0 < a < A\, 1+ (a(r — 1)A) < s < 00 and (wi(z),ws(x)) €
A, A (M) for some A >1 and 1 <r < co. Then

(4.5) [1H (w) = (H(u)arlls,pr,wp < C diam(M)||dul|s,ar,wg -

Here C is a constant independent of u.

Proof. Applying Lemma 3.1 and the same method as in the proof of The-
orem 4.2, we obtain

(4.6)  |AG(u) — (AGW) s vrwe < Cy diam(M)|du

s, M,wg -
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Using (3.1), (4.4) and (4.6), we conclude that

Th

(1]
2]
(3]

[H (u) = (H(u)alls,prwp = (= AG(w)) = (u— AG(w) a5, .05
< lu—unlls,mwp + [AG(w) = (AG(u))u|
< Csdiam(M)||dul

e proof of Theorem 4.4 has been completed. O

s, M,w¢

s, M,wg -
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