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LENGTH MINIMIZING PATHS IN THE HYPERBOLIC
PLANE: PROOF VIA PAIRED SUBCALIBRATIONS

HEATHER HELMANDOLLAR AND KEITH PENROD

ABSTRACT. Minimization proofs using paired calibrations have in the
past been done with vector fields of divergence zero. We generalize
this method to find the shortest network connecting four points in the
hyperbolic plane.

1. Paired subcalibrations

Jacob Steiner posed the problem of finding the shortest path connecting
several points in the plane. Ronald Graham considered the case where the
points all lie on the same circle (see [2], [3]). We begin by considering three
points p1, p2, and ps spaced evenly around a circle which form a triangle S in
the Poincaré Disk D. Let s1,s2, and s3 be the sides of that triangle and let
Y = {y;} be the network connecting {p;} to the origin and separating S into
regions Cy,Cy, and C3 so that y; originates from p; and has unit normal 7;
pointing toward C;. Then we construct vector fields ‘71, 172, and 173, where XZ
enters through s; (see Figure 1(a)).

In previous paired calibration proofs, these vector fields were required to
have divergence zero; however, we require the following less-restrictive crite-
rion for each i:

(1) for all p € C; div V;(p) < diij(p), J # 1.

Whenever {(V;,C;)} is a system that satisfies (1) it is called a paired subcal-
ibration.

THEOREM 1. Suppose S = {s;} is an n-gon and Y = {y;} is a network
separating S into regions {C;} and {(V;,C;)} is a paired subcalibration that
satisfy the following:
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(a) The minimizer (b) The competitor

FIGURE 1. Three points

(1) Whenever C; and C; (i # j) share a common line y € Y, Vi — ‘7] is

a unit normal to yx.
(2) Whenever W = {w,} is a network of the same combinatorial structure

as Y, @ou(W) < Len(W) with equality when W =Y.

Then Y is the unique minimizer for its combinatorial structure.

Proof. We define the following notation for flux: @(‘7, y) is the flux of the
vector field V' through the oriented curve y (i.e., y has a given unit normal).
It is also natural to define ®,,, and ®,,; as'

B (S) = Z‘bm"”)'

and
n

(bout(y) = Zq)out(ci)

i=1
where ®,,:(C;) = > ®(V;,y), summing over all y € Y that separate C; from
Cj (j #1).

Then we have

(I)out(Y) - q)zn(s) = Z/‘/C le‘?sz
=1 i

LWe will also use ®,;, when S is understood by context.
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and for any competitor W that divides S into regions K1, ..., K,

Dout(W) — @i (S) = Z//K div V;dA > Z//C div V;dA,
=1 ¢ i=1 i

which gives
Pout(W) = @in(S) = Pout(Y) — Pin(S).
Since {V;} are such that ®,. (W) < Len(W) with equality when W =Y, we
obtain
Len(Y) = @5, (Y) < @oue (W) < Len(W). g

Continuing the proof for three points in D, we now define the three vector
fields V7, Vs, and V3 to be orthogonal to {s;}, respectively, with constant
hyperbolic length 1/v/3. So V5 and V3 are rotations of

- 1— (2 + %)

2 Vi(x, =
@ (@) =
The general equation for divergence on a space with a metric tensor is given
in Eisenhart [4, page 113]. With the metric

1
e b

(0,-1), (z,y) € D.

ds® = dx® + dy?)

on D, we have the following formula for divergence of a vector field vV =

(f(x,9),9(x,y)):

o 4
divV = fo(z,y) + gy(z,y) +

w@-f(%y)-#y-g(x,y)).

Now a basic calculation shows that {(V;, C;)} satisfy (1).

Since the difference vectors are of unit length and perpendicular to the
respective y;, by Theorem 1, Y is the minimizer, since there is exactly one
combinatorial structure for three points.

2. Lines and equidistant curves

In the proof for four points we will be using vector fields tangent to families
of lines and equidistant curves, so we first construct such vector fields and
examine their divergences. The formula for a hyperbolic line right of the
y-axis, perpendicular to the z-axis is given by

f(a,t) = (a— va? —1cost,\/a? — 1sint),
where (a,0) is the center of the Euclidean circle representing the hyperbolic
line given by the standard formula
.I‘2 + y2 + 1

a(z,y) = 5
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and the tangent vectors are given by

F(a,t) = <\/a2 — 1sint,va? — 1cost>

or s
-ty +1
F = .
(z,y) <y 5 >
Therefore,#; given by
1— 2 _ .2 2 2 1
3) yi— _ (1 — 22 —y?) <’ﬁc+y+>
V(@2 +y2)2 + 1 — 222 + 242 2z

has constant hyperbolic length and meets the z-axis at 90°. A straightforward
calculation shows that this vector field has divergence

—4y
\/(m2 +y2)2+1— 222 + 242
We now define the perpendicular vector field

z(1 — 2% — y?) —2?+y?+1
VEZ+ 22 1 - 222 + 22 < 20 y>
and it can be calculated that this field has divergence 0. We note that these
vectors are tangent to the family of curves? equidistant from the z-axis.

divy] =

4) =9 =-

3. Four vertices of a square in D

We have introduced tools useful in proving more complicated problems than
are practical with the divergence-zero criterion for paired calibration proofs
in the hyperbolic plane. In this section we will explore one interesting result
given by these tools.

THEOREM 2. Let p1,p2,ps3, and py be four points of a Fuclidean square
S in the unit disk and centered at the origin. Then the length-minimizing
network connecting these four points in D is unique (up to rotation) and is
given by Figure 2(a).

Proof. We note that for four points there are exactly two combinatorial
structures and they are rotations of each other, so we will assume that {p;, p2}
and {ps,ps} are pairs of siblings and rotate the network if that is not the case.
Let {s;} be the sides of S so that s; intersects p; and p;—1 (where pg = p4).
Let Y = {y;} be hyperbolic line segments so that for i = 1,2, 3, 4, y; originates
from p; and so that y1,ys, and the z-axis meet at 120°, as do y3, y4, and the
z-axis, and let ys be the portion of the z-axis that lies between the Steiner
points g1 and ¢o. Let {C;} be the regions separated by Y so that s; borders

2Note that in the hyperbolic plane a curve C' of constant distance from a given line L is
not itself a line. For more on equidistant curves, see [5, p 129].
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(a) The minimizer (b) The competitor
FIGURE 2. Four points

C;. Associate with y1,...,ys the unit normal 7i; that points toward C; and
for ys, let 7i5 point toward Cy. (See Figure 2(a).)

Our goal is to create vector fields F#, o, F3, and %, so that {(F#;,C;)}, S,
and Y together satisfy the hypothesis of Theorem 1. To facilitate this task we
begin by constructing vector fields 71, 75, ¥3, and #; around a Y centered at
the origin. Then we will translate and reflect the system (see Figure 3).

FI1GURE 3. Building the vector fields

Let pj = (—t,v/3t) and py = (—t,—+/3t), where t is the unique positive
number so that dp(p},ph) = dp(p1,p2). Let Cy’ be the first quadrant of
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the disk, Cs" be the region bounded by the y-axis on the right and the line
y = —V/3 x on the left, let C3’' be the region bounded above by the line
y = —/3x and below by the line y = v/3z. Let 7] be as given in (3) and
defined on the right half-plane, % = (1 — 2% —y?) (0, —1) defined on the left

half-plane. Let ¥3 = @(1 — 2% —4%)(1,0) be defined on the left half-plane
and ¥4 be defined as in (4) on the right half-plane. The other vector fields
will be reflections of these fields.

The divergence of #; and ¥} is given above, and for ¥, and ¥3 we have

div¥s = —y, div¥# = V3z.

Note that {(¥;,C;)} satisfies (1). (In Cy’, div¥#1< 0 and div#;,=0. In Cy’,
—y < V/3x and in C3', the opposite is true: v3z < —y.)

Now we use an isometry ¢ to translate the entire system to the left so that
p} — p1 and p) — po. For each i we denote ¥V = ©(¥). Let #; be the
union of “171 and ”/72 on the left half-plane and as the reflection of that on the
right half-plane. Let %5 be the union of "173 and ”174, %3 be the reflection of
1 across the x-axis, and %, be the reflection of %5 across the y-axis. Since
isometries preserve length, angle, and divergence, we have all the properties
we need to prove minimization.

We note that (9.1 —yg), (ﬂg —yg), (93 —94), («?1 _eg;]:), and (ﬁl —yg)
are unit length and are normal to y1, ..., ys respectively. Thus, by Theorem 1,
Y is the minimizer for its combinatorial structure. Since the only other com-
binatorial structure is a rotation of that of Y, we say that Y is the unique
minimizer up to rotation. O

REFERENCES

[1] K. A. Brakke, Minimal cones on hypercubes, J. Geom. Anal. 1 (1991), 329-338.
MR 1129346 (92k:49082)

[2] D. Cieslik, Shortest connectivity, Combinatorial Optimization, vol. 17, Springer-Verlag,
New York, 2005, An introduction with applications in phylogeny. MR 2101980
(2005£:92018)

[3] D. Z. Du, F. K. Hwang, and J. F. Weng, Steiner minimal trees for regular polygons,
Discrete Comput. Geom. 2 (1987), 65-84. MR 879361 (88{:05032)

[4] L. P. Eisenhart, An introduction to differential geometry with the use of tensor calculus,
Princeton University Press, Princeton, 1947. MR 0003048 (2,154e)

[5] P. J. Kelly and G. Matthews, The non-Euclidean, hyperbolic plane, Springer-Verlag,
New York, 1981, Its structure and consistency, Universitext. MR 635446 (84b:51001)

[6] G. Lawlor and F. Morgan, Paired calibrations applied to soap films, immascible fluids,
and surfaces or networks minimizing other norms, Pacific J. Math. 166 (1994), 55-83.
MR 1306034 (951:58051)



PAIRED SUBCALIBRATIONS 729

HEATHER HELMANDOLLAR, PACIFIC UNIVERSITY, DEPARTMENT OF MATHEMATICS AND
COMPUTER SCIENCE, FOREST GROVE, OR 97116, USA
E-mail address: heather.helmandollar@pacificu.edu

KEITH PENROD, BRIGHAM YOUNG UNIVERSITY, DEPARTMENT OF MATHEMATICS, PROVO,
UT 84602, USA

Current address: 3200 Keith Ave., Knoxville, TN 37921, USA

E-mail address: keith.penrod@gmail.com



