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ABSTRACT. Let f: M — R? be a stable map of a closed surface M into
the plane and 7r§ : R* — R? the orthogonal projection. In this paper,
we will show that for any such f there exists an embedding F' : M — R*
such that f =73 o I is satisfied.

1. Introduction

Throughout the paper, all manifolds and maps are differentiable of class
C* and W’g : R” x R* — RP is the orthogonal projection onto the first factor.

Let M be a closed surface and F : M — R* an embedding. If we take a
generic projection 7 : R* — R?2, then the composition 7 o F is a stable map
(see Mather [15]). Here, a stable map means that any small perturbation
of this stable map can be obtained from it by composition with diffeomor-
phisms of the source and target manifolds. For the precise definition, see
Subsection 2.1.

Conversely, we prove the following theorem in this paper.

THEOREM 1.1.  Let M be a closed surface and 73 : R* — R? the orthog-
onal projection. For any stable map f : M — R2, there exists an embedding
F: M — R* such that f = w3 o F is satisfied.

Let M be a closed n-dimensional manifold and f : M — RP a stable map.
If there exists an embedding F : M — RP** such that W;f oF = f, we call
such an F an embedding lift of f. Therefore, Theorem 1.1 is a result about
the existence of an embedding lift.

We have the following known results about the existence of an embedding
lift. In the case where M is a closed surface, Giller [9] gave a criterion for
lifting a generic immersion f : M 3 R3 to an embedding in R*. For the same
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setting, Akhmetiev [2] and Carter—Saito [7] independently provided a crite-
rion when f is a generic map and M is an oriented surface. Regardless of the
orientability of M, Carter—Saito and Satoh [7], [19] obtained several necessary
and sufficient conditions. In the case where M is a closed n-dimensional man-
ifold greater than one, Saeki and Sakuma [18] gave a necessary and sufficient
condition for lifting a stable map without triple points f : M — R2?"~! to
an embedding in R?". Note that in the case where M is a closed surface,
Carrara, Ruas and Saeki [5] studied a stable map f : M — R? which has
the standard lifting property in R*. Let f : M — N be a (continuous) map
between n-dimensional manifolds, where M is compact and N is stably par-
allelizable. We say that f is realizable in R?" if the composition of f and
some embedding i : N — R?" is C%-close to an embedding. Akhmetiev [1],
[3] studied the problem of realizing a map f : S™ — S™ in R?" for n > 2.
Melikhov [16] gave a necessary and sufficient condition for realizing a map
f:M — Nin R? (n>2).

The paper is organized as follows. In Section 2, we give the definition
of a stable map and prepare some tools for the proof of Theorem 1.1. In
Section 3, we prove Theorem 1.1. In Section 4, we give two examples which
clarify Theorem 1.1 and consider the relationship between the results obtained
in [7], [9], [18], [19] and Theorem 1.1.

The author would like to express his sincere gratitude to Prof. Osamu Saeki,
Prof. Peter Akhmetiev and Prof. Shin Satoh for their advice and encourage-
ment. The author was supported by JSPS Research Fellowships for Young
Scientists while he was writing the paper.

2. Preliminaries

2.1. Definition of a stable map. Let f : M — RP be a smooth map
of a closed n-dimensional manifold M into RP. We denote the set of such
maps by C°°(M,R?), which is equipped with the Whitney C'*°-topology. A
smooth map f is said to be a stable map if in C*°(M, RP) there exists an open
neighborhood U of f such that for any g € U, g is C* right-left equivalent to
f, i.e., there exist two diffeomorphisms ® : M — M and ¢ : RP — RP such

that the diagram

M —2 M

7| s
R? —— R?
]
is commutative.
For a smooth map f : M — RP?, we denote by S(f) the set of the points in
M where the rank of the differential of f is strictly less than min(n,p). We
say that a point ¢ € S(f) is a singular point of f.
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In the cases where p =1 or (n,p) = (2,2), the following characterizations
of stable maps are well-known (see [10], [20], for example).

PROPOSITION 2.1. A smooth function f: M — R is a stable map if and
only if the following conditions are satisfied.

(i) For every q € M, there exist local coordinates (x1,...,x,) and X
around ¢ € M and f(q) € R, respectively, such that one of the
following holds:

(a) X o f=ux (qis a regular point),
(b) Xof==+a?+---+22 (qis a singular point).

(ii) For any two distinct singular points q1 and g2 of f, f(q1) # f(ge) is
satisfied.

We call such a stable map f : M — R! a stable Morse function.

PROPOSITION 2.2. A smooth map f : M — R? of a closed surface M is
a stable map if and only if the following conditions are satisfied.

(i) For everyq € M, there exist local coordinates (z,y) and (X,Y) around
q € M and f(q) € R?, respectively, such that one of the following
holds:

(a) (Xof,Yof)=(x,y) (¢ is a regular point),
(b) (Xof.Y o f) = (x.4%) (q is a fold point),
(c) (Xof,Yof)=(x,2y—y>) (qis a cusp point).

(ii) If ¢ € M is a cusp point, then f=1(f(q)) N S(f) = {q}.

(iii) The map f|(S(f)\{cusp points}) is an immersion with normal cross-
ings.

For a stable map f : M — R? of a closed surface M, we denote by
C(f) € M the set of all cusp points in M and by N(f) C R? the set of all
normal crossing points of f(S(f)). Note that S(f) is a compact 1-dimensional
submanifold of M. Both C(f) and N(f) have a finite number of elements.

REMARK 2.3. Let f: M — R? be a stable map of a closed surface. By
the image of singular points f(S(f)) € R2?, R? is naturally stratified into
2-, 1- and O-dimensional strata. Note that the union of 1- and 0-dimensional
strata forms f(S(f)) and the union of 0-dimensional strata corresponds to
f(C(f)) UN(f). On each 1-dimensional stratum of f(S(f)), we can define
an orientation as follows. We fix the canonical orientation on R2. Let Q be
a connected component of R?\ f(S(f)). We associate to Q a non-negative
integer n;(€2), which is the number of points in the fiber of f over any point
of Q. Every l-dimensional stratum in f(S(f)) is adjacent to exactly two
connected components of R?\ f(S(f)). Since these two components have
distinct n(£2)-values, we can orient each 1-dimensional stratum in f(S(f))
so that the region with the larger n;(2)-value is on its left.
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2.2. Projection of a stable map. Let f : M — R? be a stable map of
a closed surface M and 7 : R? — R! a generic projection such that 7 o f is
a stable Morse function. There always exists such a generic projection 7 for
any stable map f (see [4], [6], for example).

DEFINITION 2.4. We say that a point r € f(S(mo f))U f(C(f)) UN(f)
is a bifurcation point of {m, f}. We call t € R! a bifurcation value of {r, f} if
7~1(t) contains a bifurcation point, otherwise we call t € R! a non-bifurcation
value of {m, f}.

Note that the number of bifurcation points of {, f} is finite and we may
assume that for each bifurcation value ¢ of {r, f}, there exists exactly one
bifurcation point in 71 (¢).

In the following, we study the behavior of f(S(f)) with the generic pro-
jection w. Mancini and Ruas [14] determined local forms of 7 and f. See
also [6], [8]. Let r € f(S(f))\ (f(S(mo f)) U F(C(f)) UN([)) be an image
of singular point of f, but not a bifurcation point of {m, f} , and ¢ € M
the unique singular point of f such that r = f(q). By taking suitable local
coordinates around ¢ € M, r € R? and 7(r) € R!, 7 and f can be expressed
by the following form:

(2.1) (z,9) 5 (z,42) &z (see Figure 1(a)).
; #S()
|7
| R!
7(r)

FIGURE 1. (a)

Let r € f(S(mo f))U f(C(f)) be a bifurcation point of {m, f} and ¢ € M
the singular point of 7o f or the cusp point of f such that r = f(g). By taking
suitable local coordinates around ¢ € M, r € R? and w(r) € R!, m and f can
be expressed by one of the following forms:
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(2.2) (z,9) D (22 + 9% y) S a2+ 42 (see Figure 1(b)),
(23)  (z.y) b (—a® 412 y) 5 2 +y°  (see Figure 1(c)),
(2.4) (z,9) g, (z,9° —xy) >z  (see Figure 1(d)).

F(S()

Rl 3 Rl
m(r) m(r)
Ficure 1. (b) FIGURE 1. (c)
F(S()

Rl
FIGURE 1. (d)

Let r € N(f) be a bifurcation point of {7, f} and ¢; € M the fold points
of f such that r = f(g;) (i = 1,2) and g1 # ¢2. By taking suitable local
coordinates around ¢1,q2 € M, r € R? and n(r) € R, 7 and f can be
expressed by one of the following forms:

f 2 ™
T1,Y1) (T, Y] +x1) — 2,
(25) ( )= (21,97 )

(z2,y2) g, (22, y% — x9) K 2o (see Figure 1(e)),
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(1,91) ER (21, Y7 +21) > 21,

(22, 92) 2, (22, —y3 — x2) > 2 (see Figure 1(f)).

F(S()

R! 3 R!
FIGURE 1. (e) Ficure 1. (f)

2.3. Graphs on cylinders. Let f : M — R? be a stable map of a closed
surface M and 7 : R?> — R! a generic projection such that 7 o f is a stable
Morse function. We set My = (mwo f)~1(t) for t € R!. For any non-bifurcation
value ¢ of {r, f}, M, is a closed 1-dimensional manifold (possibly disconnected
or empty) and f|M; : My — 7~ 1(t) is a stable Morse function.

Let t € wo f(M) be a non-bifurcation value of {7, f}. Note that M, is a
disjoint union of finitely many circle components, say My = M1 U---U My,
(k > 1). We let that R? be the fiber of the orthogonal projection 75 : R* =
R? x R? — R2. Suppose that nyl, .. .,Df’k are mutually disjoint 2-disks
embedded in R?. Let us consider an embedding F; : M; — 7 1(t) x R3.
If we have that 73 o Fy = f|M; and that (ProF})|M;,; : M;; — 8Dt2ﬂ- is a
diffeomorphism for each M, ;, we call Fy a graph of f|M; : M, — m1(t).
Here, Pr: m71(t) x R? — RY is the projection onto the second factor. See
Figure 2, for example. If ¢t ¢ 7o f(M), we consider that any map F; : M; =
) — 7~ 1(t) x R? is a graph of f|M;.

3. Proof of Theorem 1.1

To prove Theorem 1.1, we need the following lemma.

LEMMA 3.1. Let f : M — R? be a stable map of a closed surface M
and © : R?> — R! a generic projection such that wo f is a stable Morse
function. Let t1 and ts be non-bifurcation values of {m, f} such that t; < ts.
If there is an embedding Fy, : My, — 7 1(t1) x R? which is a graph of
fIMy, « My, — 7w~ 1(t1), then we can construct an embedding

Fity o] © My, 1p) — 7 ' ([t1, 2]) x RY
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7~1(t) x R? _
()U 1 T 1(t>
7 1(t) x dD}
M;

Iy 77%

©8Dtl’1
R}
FIGURE 2

such that Fiy, 41| My, = Fy,, 730 Fyy, 1) = fIMy, 1y) and g, 41| My, is a graph
of fIMy, : My, — = (t2). Here, we define My, 1,1 = (wo )~ ([t1,t2]).

Since M is compact, there exists a closed interval [, 3] C R! such that
mo f(M) C |a, 8]. If we put « =t; and 8 = t5 in Lemma 3.1, an embedding

Flap: M — R* is a desired embedding lift of f. This completes the proof of
Theorem 1.1. (]

Proof of Lemma 3.1. Suppose that the closed interval [t1, t3] does not have
a bifurcation value of {m, f}. For this case, 7 and f can be described as (2.1)
(see Figure 1(a)) and it is easy to construct a required embedding Fj;, ;) :
M[tl,t2] - W_l([tl’tQ]) X R%

Suppose that the closed interval [t1, 2] has bifurcation values of {m, f}. We
may assume that [t1, t2] has exactly one bifurcation value b € (¢1,t2) of {7, f}.
We let » € f(S(f)) be the bifurcation point such that m(r) = b. Since each
circle Fy, (My, ;) is on 7~ (1) x dD7, ; and all solid cylinders 7~ '(t,) x D7, ;
are mutually disjoint, we may consider only connected components of M} that
have at least one singular point ¢ € S(f) such that f(q) = r.

Let m and f be expressed as the local form (2.2). If the positive direction
of R! is left to right in Figure 1(b), then M, +,) is obtained by attaching
a 0-handle to an empty set. It is easy to construct a required embedding
Fiiy 0]+ My, 1) — 7 1([t1,t2]) x RE. See Figures 3. If the positive direction
of R! is right to left in Figure 1(b), then My, ,, is obtained by attaching
a 2-handle to a circle M;,. Since Fy, is a graph of f|M;, : M,, — 7 1(t1),
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we can construct a required embedding Fly, 4,7 : My, 1) — 7 *([t1,t2]) x RY.
That is, we change t; and ¢2 in Figures 3 (see Remark 3.2).

) xR} 7 l() xR} 77 '(ty) x R?

bt

FIGURE 3

Let m and f be expressed as the local form (2.3). Let ¢ € M, N S(f) be the
singular point of f such that f(q) = r. Then M, ,,) is obtained by attaching
a 1-handle to My,. Let ¢ : J x J — 7w 1(t;) x R? be an embedding such
that @(J x J) N Fy, (My,) = 9(0J x J), where we set J = [—1,1]. By this
embedding ¢, we have an embedding Fly, 1,1 : My, ¢, — 7 '([t1, t2]) xR3. We
say that Fy, ;,) and Fyy, 4| My, is obtained from F}, by a 1-handle operation
along the 1-handle ¢. We also call the arc ¢(J x {0}) the core of the 1-handle
@. If we can choose an orientation of M,;, such that ¢ is consistent with this
orientation (i.e., ¢(9(J x J)) is oriented and the inclusion p(9J x J) C My,
is orientation reversing), we call the above operation an oriented 1-handle
operation. Otherwise, we call it a non-oriented 1-handle operation. To prove
Lemma 3.1, we have to perform a 1-handle operation so that 73 o Fiy 1) =
FIMi, 1,) and Fyy, 11| M, is a graph of f|My, : My, — 77" (t2).

If the positive direction of R! is left to right in Figure 1(c), both arcs
©(0J x J) of a 1-handle ¢ are at regular points of f|M;, : My, — 7 (t1).
Suppose that M;, is connected and a 1-handle ¢ is an oriented operation.
In this case, we attach ¢ to M;, such that o(J x J) C 7= *(t1) x D7 . See
Figure 4(a). In this figure, we depict the cylinder 77!(¢1) x D7, from the
top {co} x R? to the bottom {—o0o} x R? and the black dots are the critical
points of f|My, : My, — 7w~ 1(t1).

By this operation along ¢, we have an embedding

F[t1,t2] : M[t17t2] - ﬂ—_l([tth]) X R%

such that Fj,, ¢,)|M;, = Fy, and 20 Fiy, 15) = fIM, 1,)- Note that My, has
two components and each component My, ; has a new born critical point c¢;
of f|My,, i =1,2. We can check that the embedding Fy;, 4,)| My, is a graph of
f|My,. Therefore, the embedding Fj;, 4+, is a required one. See Figure 4(b).
In this figure, we see each cylinder from the side and the top. Both % and B
are parts of My, \ p(90J x J).
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o(J x J

~—

N

Ftl (Mtl )

FIGURE 4. (a)

7 () x R? 7 1(b) x R?

FIGURE 4. (b)

Suppose that M;, is connected and a 1-handle ¢ is a non-oriented operation.
Let ¢g € M,, be the minimal critical point of f|M;, : My, — 7 1(t;) and
I(co) = Pr 1 (ProF, (c)) the line in 71 (t;) x 8Dy, passing through Fj, (co).
In this case, we attach ¢ to M;, such that ¢([—1,0] x J) C 7~ *(t1) x D},
©([0,1]xJ) € 7~ (t1) x (R} \Int D7, ) and ¢ ({0} x J) C l(cp). See Figure 5(a).
This figure has the same setting as Figure 4(a).

Let ¢ € R! be a sufficiently small positive number such that we have
b < b+e < ty. After we perform the operation along ¢, we have an embedding
Fliy pve) + My, pie) — 7 H([t1,b + €]) x RE such that Fjy, 4,1|M;, = Fy, and
73 0 Fiy, pre] = fIMy, p+c). Note that My, is connected and My, has two
new born critical points ¢; of f|Mpy., i = 1,2. See Figure 5(b). In this figure,
2, B and € are parts of My, \ (0 x J).
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Ftl (M)

@7 o

Ftl co)

FIGURE 5. (a)

7 Ht) x R? 71(b) x R} Lb+e) x R?

FIGURE 5. (b)

Since cq is also the minimal critical point of f | Mp4c, we have an 1sot0py Ft
M, — 7w~ ( ) X R2 (t € [b—l—E tz]) such that Fb+5 = F[tl b+e]|Mb+a, 71'2 o Ft
fIM, and F,, is a graph of f|M,, : My, — 7 (t5). See Figure 5(c). By gluing
the embedding F};, 34, and the isotopy ﬁh we have a desired embedding
F[tl,tz] : M[tl,tz] — W_l([thtg]) X R%

Suppose that M;, has two components. In this case, a 1-handle operation ¢
is always an oriented operation and we attach ¢ to My, such that o(J x J) C
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“Lb+e) xR? ) x R?

D00

L) Fb+€ (62)

L)
Fyie(cr) y74

FIGURE 5. (c)

7' (t1) x (RY\ (Int DF, ; UInt D7, ,)). See Figure 6(a). This figure has the
same setting as Figure 4(a).

w(J x J)

Ft1 (Mtlyl) Ftl (Mth?)

FIGURE 6. (a)

From this operation along ¢, we have an embedding
F[t17t2] : M[thtz] - ﬂ-il([tlth]) X R%

such that F[tl,t2]|Mt1 = Ft1 and 71'5 o F[h,tz] = f|M[t1,t2]- Note that Mtg is
connected and My, has two new born critical points ¢; of f|My,, i =1,2. We
can check that the embedding Fy, 1,1/ My, is a graph of f|M;,. See Figure 6(b).
In this figure, A and B are parts of M, \ ¢(J x J).
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7 (t;) x R? 7-1(b) x R? 7 1(t2) x R2

FIGURE 6. (b)

If the positive direction of R! is right to left in Figure 1(c), the core of a
1-handle ¢ connects two critical points ¢; and ¢3 € My, of f|My, = My, —
7 1(t;) which are eliminated by fIMy, +,). Suppose that My, is connected
and a l-handle ¢ is an oriented operation. In this case, we attach ¢ to
My, such that ¢(J x J) € 7~ (t1) x D . See Figure 7(a). Suppose that
M, is connected and a 1-handle ¢ is a non-oriented operation. In this case,
we attach ¢ to My, such that p([—1,0] x J) C 7~ !(t1) x D7, ([0,1] x J) C
71 (t1) x (RF\Int D7, ) and ({0} x J) C I(co). Here, ¢y € My, is the minimal
critical point of f|M,, : My, — n~(t1) and I(co) = Pr~'(ProF,, (co)) is the
line in 71 (¢;) x dDy, passing through F}, (co). See Figure 7(b). Suppose that
My, has two components. In this case, a 1-handle operation ¢ is always an
oriented operation and we attach ¢ to My, such that p(J x J) C 7= 1(t1) x
(RT\ (Int DF ; UInt D7, ,)). See Figure 7(c).

From each operation along ¢, we have an embedding

Figy 1]t Mgy 4,) — 7 ([t t2]) x RY,

which is a required one. We leave it to the reader to check that we have
Fiy, 1,)|My, = Fy, and 72 o Fig, 1) = fIM, 4,), and that the embedding
F[tl,tz]‘Mtz is a graph of f|Mt2 : Mt2 - ﬂ-_l(tQ)'

Let 7 and f be written as the local forms (2.4) or (2.5). Then, it is known
that the 1-parameter family of f|M; : M; — 7 1(t) is a birth or death bi-
furcation or an exchange of levels of the corresponding two critical values,
respectively (¢ € [t1,t2]; see [12]). Since it is easy to construct the required
embeddings Fjy, ¢,) © My, 1) — 77 Y([t1,t2]) x R? for both cases, we leave
these constructions to the reader. This completes the proof. O
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Ft1 C2o
(c2) Fy, (c1) Ftl(]\itlz )

e(J xJ)

Ft1<Mt1) / QO(J X J)
l—‘tl(cl) Fy, (co)

FIGURE 7. (a) FIGURE 7. (b)

o(J x J)
Ft1 (Cl) Ftl (02)

Ft111(Mt171) Ft112(Mtla2)

FIGURE 7. (c)

REMARK 3.2. To prove Lemma 3.1, it is necessary that an embedding
Fy, My, : My, — 7 (t;) x R? is a graph of f|My, : My, — 7= 1(t;), i = 1,2.
The reason is as follows. Suppose that m and f are expressed as the local
form (2.2) and the positive direction of R! is right to left in Figure 1(b). We
let ¢ € S(f) N My be the singular point of f such that f(q) = r, My, 4,4
is the component of M, ,,; which contains ¢ and My, 4 is the boundary of
M, t,],q- To construct an embedding lift Fyy, 1,1 : My, 4, — 7 L([t1,t2]) x R?
of fIMy, ;) + My, ;) — 7 *([t1,t2]), it is necessary that Fy (M, 4) and
Fy, (M, \ My, 4) are unlinked in 7=!(¢;) x R?. Thus, the above assumption
is necessary to prove Lemma 3.1.

REMARK 3.3. After the author proved Theorem 1.1, Akhmetiev pointed
out that any map f : S — N, where N is a closed orientable surface, is
realizable in R*. For the definition of “realizable”, see Section 1 and for the
proof of this result, see [16, p. 148].
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4. Examples

In this section, we will give two examples which clarify Theorem 1.1.

EXAMPLE 4.1. Let f; : S? — R? be a stable map such that f;(S?) is
depicted as in Figure 8(a). See [11], [13] for the precise definition. Then
Figure 8(b) shows how to construct the embedding lift F; : S? — R* of f;
which is described in the proof of Theorem 1.1. In [11], Haefliger showed that
for the above stable map f;, there is no immersion g; : S> — R? such that
730 g1 = f1 is satisfied (see also [17]).

Fios (Mss)

FIGURE 8. (a)

FIGURE 8. (b)

EXAMPLE 4.2. Let fo : RP? — R? be a stable map such that fo(RP?) is
depicted as in Figure 9(a). See [13] for the precise definition. Then Figure 9(b)
shows how to construct the embedding lift F» : RP? — R* of f, which is
described in the proof of Theorem 1.1. For the above stable map fo, there
exists an immersion g : RP? — R? such that 7l o go = fo (see Figure 9(c)).
This immersion g- is known as the Boy surface and that there is no embedding
lift G5 : RP? — R? such that 73 o Go = g5 is satisfied (see [7], [9], [19]).



LIFTING A GENERIC MAP OF A SURFACE INTO THE PLANE 719

f2(5(f2))

T R 1

FSl (MS1) FSS(MSS)

FSZ (MS‘Z) F54 (M34) FSG(MSG)

FIGURE 9. (b)
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double point set

FIGURE 9. (c)
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